Introduction
Fix a finite field k and a nontrivial additive character
In [D1, Thm. 8.4 ], Deligne proved the following beautiful estimate for exponential sums in n ≥ 1 variables. Given a polynomial f(x 1 , . . . , x n ) in n variables over k of some degree d ≥ 1, write it as
with F i homogeneous of degree i. Suppose that the following two conditions are satisfied.
(1) The degree d is prime to p := char(k).
(2) The locus F d = 0 is a nonsingular hypersurface in P n−1 (for n = 1, this second condition always holds).
Then we have the estimate x∈k n ψ(f(x)) ≤ (d − 1) n (#k) n/2 . Now let us consider a slightly more general situation. We begin with a projective, nonsingular, geometrically connected variety X/k, of some dimension n ≥ 1, given with a projective embedding. We give ourselves a linear form on X,
an integer d ≥ 1, and a form of degree d on X,
Suppose that the following three conditions are satisfied.
(0) The locus L = 0 in X, denoted X ∩ L, is nonsingular of codimension 1 in X.
(1) The degree is prime to p.
(2) The locus Under these hypotheses, we have the estimate (see [L] , [K, 5.1 
.1])
x∈V ( Let us recall how this second result includes the first one as a special case. Take X to be P n with homogeneous coordinates X 0 , . . . , X n , take L to be X 0 , and take H to be the homogenization of f,
. . , X n /X 0 ).
We recover Deligne's result above: V is A n , and f is f. To see that the constant works out correctly (to be (d − 1) n ), recall that the total Chern class of P n is (1 + L) n+1 , so the constant is
In this paper, we drop, as much as we can, all the hypotheses of nonsingularity made in the results discussed above. It is for this reason that we speak of "singular" exponential sums in the title. Of course, our estimates suffer, but by surprisingly little. It turns out that, under quite general conditions, only the dimension δ of the singular locus of X ∩ L ∩ H costs us anything, if we are willing to have results valid for all p sufficiently large. (The question of effectively estimating just how large p need be is itself quite interesting and far from being solved. It is closely related to questions of independence of . We discuss it below.) If we want results that are valid in a fixed characteristic p, we need to assume further that d is prime to p, and we need sometimes to take into account the dimension of the singular locus of X ∩ L.
One cautionary remark is perhaps in order: our result may reveal essentially nothing about sums that are in fact quite nice. We illustrate with two examples.
(1) Suppose we wish to sum ψ(f), f a polynomial of degree d > 1 in n variables, over A n . If the subscheme of P n−1 defined by the highest-degree part F d of f is highly singular, then our result is quite weak. For instance, if F d is a d-th power, then δ = n − 2, and we get 2n − 1 as an upper bound for the weights in large characteristic. Yet we know from [KL, 5.5 .1] that if we add to f a general linear term, i.e., replace f(x 1 , . . . , x n ) by f + i a i x i
with the a i sufficiently general, then despite the fact that we have not changed F d , the sum becomes pure of weight n.
(2) The (n + 1)-variable Kloosterman sum
is known to be pure of weight n (see [D2, 7.5] ). Yet a naive treatment would be to view the
i=1 X i , and to view the summand as
For n ≥ 2, its singular locus is of codimension 1; i.e., δ = n − 3. Thus we get the upper bound n + δ + 1 = 2n − 2 for the weights, quite far from the correct upper bound, which is n, as soon as n is large.
Despite these caveats, there are some situations where we get significant improvements over what was previously known. Some of these are given in the final section.
Notation, assumptions, and statements of the main results
We fix a perfect field k, a (large) integer N, an integer r ≥ 1, and a list of r strictly positive integers D 1 , . . . , D r . We work in the projective space P N over k. Inside P N , we
give ourselves a closed subscheme X, which is definable, scheme-theoretically, in P N by a set of r homogeneous equations of degrees D 1 , . . . , D r . We call the data (N, r, D 1 , . . . , D r ) a numerical type for X. (Of course, a given X in P N admits many different numerical types.)
We assume throughout that at least one of the conditions (H1) or (H1 ) holds.
(H1) X ⊗ kk is irreducible and integral, of dimension n ≥ 1.
(H1 ) X is Cohen-Macaulay and equidimensional, of dimension n ≥ 1.
We give ourselves a linear form on X,
We assume throughout that the following condition holds:
We denote by Sing(X ∩ L ∩ H) the singular locus of X ∩ L ∩ H. Because we are over a perfect field, this is the set of points of X ∩ L ∩ H whose local ring is not regular. We denote by δ the dimension of this singular locus:
We adopt the convention that the empty scheme has dimension −1.
By (H2), the scheme-theoretic intersection X ∩ L has dimension n − 1. We denote by ε the dimension of its singular locus:
Lemma 3. We have an a priori inequality
back the n − 2 parameters defining x in X ∩ L ∩ H and tack on the defining equation h to get n − 1 parameters defining x in X ∩ L.) In other words, we have
Taking complements in X ∩ L ∩ H, we have
Because (a high enough power of ) H is (the restriction to X of ) a hypersurface in the ambient P N , for every closed subscheme Z of X, we have (see [H, 7.2 
Thus we get
We put
For a nontrivial C-valued additive character ψ of k, we are interested in bounding the sum x∈V(k) ψ(f(x)).
Theorem 4. Given a numerical type (N, r, D 1 , . . . , D r ) and an integer d ≥ 1, denote by C the explicit Bombieri constant
For any finite field k in which the integer d is invertible, any nontrivial C-valued additive character ψ of k, and any data (X in P N , L, H) over k as above, with X of numerical type (N, r, D 1 , . . . , D r ) and H of degree d, which satisfies (H1) (or (H1) ) and (H2), we have the following estimates.
( 
If we think of L as the homogeneous coordinate and (H2), and any nonzero form G of degree d − 1 on X,
Consider the ratio H/LG as a function on X[1/LG]; i.e., put
Then for C 1 the effective constant,
we have the estimate
Remarks. How do Theorems 4 and 5 compare? A major deficiency of Theorem 5 is that the constant B is, for the moment, not effective, and hence we have no idea just how large p need be. Its major advantage over Theorem 4 is that for large p, it gives the "good" upper bound n + 1 + δ for the weight, independent of the value of ε. What about the constant 
Proof. Given a field k and a closed subscheme X of P N over k that has numerical type . . , D r )). Namely, one takes for S the product, over Z, of the r projective spaces whose points are the homogeneous forms in n + 1 variables of degree
one takes X to be the closed subscheme (incidence variety)
consisting of those points
with the map π: X → S induced by the projection pr 2 of P N × S onto S. This map is proper.
If we invert a prime number , then we get the proper map 
then we have, for every , the inequality
(In fact, Milnor's inequality holds with coefficients in any field (see [M] ).)
We expect that this same Milnor inequality [M] holds in arbitrary characteristic not . If it does, then we can take Betti( , N, r, D 1 , . . . , D r ) to be ND sup (2D sup − 1) 2N+1 for every , and so we can take the constant
as we see below (see the remark following the proof of Theorem 15).
Lemma 7. Let K be the fraction field of a Henselian discrete valuation ring R, whose
⊂ D the inertia group, and P ⊂ I the wild inertia group (see [S] ). Let be a prime not p, and suppose V is a finite-dimensional Q or Fvector space on which I acts continuously, by ρ: I → GL(V). Then we have the following:
, then ρ is tame; i.e., P acts trivially.
(2) If p − 1 > dim(V) and if mod p is a generator of the multiplicative group (F p ) × , or more generally, if dim(V) < (the order of mod p), then ρ is tame.
Proof. In the Q case, pick an I-stable Z lattice V in V, so that the representation lands in GL(V). The kernel of the reduction mod map from GL(V) to GL(V/ V) is pro-, being 1 + End(V), so ρ is tame on V if and only if ρ mod is tame on V/ V. So it suffices to treat the F -case. We show that under either of the hypotheses (1) or (2), the group
, F ) has order prime to p. Indeed, this group has order
Under either hypothesis (1) or (2), no factor ( i − 1) is divisible by p.
Corollary 8. Let k be a perfect field of characteristic p > 0, let C/k be a smooth, geometrically connected curve over k, letC/k be its complete nonsingular model, let be a prime number not p, and let F be a constructible Q -sheaf on C of generic rank r; i.e., on any dense open set U in C on which F is lisse, it is lisse of rank r. Suppose that either p > r , or that the multiplicative order of mod p is greater than r. Then F is everywhere
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We now return to the given numerical type (N, r, D 1 , . . . , D r ) and integer d ≥ 1. Let k be a perfect field of characteristic p > 0, and (X in P N , L, H) over k with X of numerical type (N, r, D 1 , . . . , D r ), which satisfies (H1) (or (H1) ) and (H2). Given any nonzero G ∈ H 0 (X, O(d − 1)), we wish to consider the one-parameter family H = λLG of hypersurface sections of X. More precisely, inside X × A 1 consider the incidence varietỹ
and the projection onto the second factor
The fibre over a point λ is precisely the hypersurface section H = λLG of X.
Lemma 9. Under the hpotheses given in the paragraph above, the morphism
Proof. We reduce immediately to the case where k is algebraically closed (the hypothesis (H1) is stable under extension of the ground field-see [EGA, IV, 6.7.1 and 7.3.8]) . Because the base A 1 is reduced and the morphism is projective, it suffices to check that all the fibres have the same Hilbert polynomial (see [H, III, Thm. 9 .9] for the case of an integral base, which is good enough here, but the given proof works over a reduced base as well, using [Mu, Lemma 1, p. 51] and [EGA, III, 2.2.3 and 7.9 .14]).
If (H1) and (H2) hold, we argue as follows. Let us temporarily admit that for each
. Then for each fibreX λ , we have a short exact sequence on X,
(The named map is injective because H − λLG is nonzero and X is integral.) Twisting by O X (k) for every k, we get an equality of Hilbert polynomials
To see that H − λLG is nonzero, it suffices to see that its vanishing defines a subscheme of X (namely,X λ ) of dimension n − 1. But the intersection of this subscheme with the hyperplane L = 0 is the subscheme X ∩ L ∩ H, which by (H2) has dimension n − 2, and henceX λ has dimension n − 1.
If (H1) and (H2) hold, then (H − λLG, L) is a regular sequence for the graded ring
In particular, the sheaf sequence above remains exact, and we argue as above.
Lemma 10. Suppose that k is finite, and ψ is a nontrivial C-valued additive character of k. With the notations
may be expressed in terms of the fibrationf:X → A 1 by the identity
Proof. We may rewrite the sum as
The difference of this from
independent of λ ∈ A 1 . Thus our difference is
and this last sum vanishes, because ψ is nontrivial.
We now express the sum cohomologically.
Lemma 11. Suppose that k is finite. For any prime invertible in k, we have the cohomological formula
(In this formula, L ψ makes sense as aQ sheaf, the tensor product in L ψ ⊗ R bf * Q is over Q , the resulting sheaf and its cohomology group are viewed asQ -objects, and the trace is taken in that sense.)
Proof. For each λ ∈ A 1 (k), the Lefschetz trace formula onX λ with constant Q coefficients gives
Thus,
For each b, applying the Lefschetz trace formula on A 1 with L ψ ⊗ R bf * Q coefficients gives
Key Lemma 12. For any algebraically closed overfield E of k, and any point λ ∈ A 1 (E) = E, the (n − 1)-dimensional fibreX λ := X ∩ (H = λLG) has the dimension of its singular locus bounded by 1 + δ:
Proof. The scheme-theoretic intersection ofX λ with the hyperplane
as noted above in the proof of Lemma 9. So any regular point of X ∩ L ∩ H is regular oñ X λ , and hence
Thus a hyperplane section of Sing(X λ ) has dimension ≤ δ, and hence (compare to the proof of Lemma 3) Sing(X λ ) has dimension at most 1 + δ. (1) For i > n + δ + 1, the sheaf R if * Q is lisse on A 1 .
(2) For i = n + δ + 1, denote by j: U → A 1 the inclusion of a dense open set on which the sheaf R if * Q is lisse. Then we have a short exact sequence of sheaves on A 1 ,
Proof. We have seen above thatf is a proper flat map to A 1 whose fibres have dimension n − 1 and singular loci of dimension at most 1 + δ. The result is now immediate from [SGA 7 I, Exposé I, Cor. 4.3], which tells us that for eachk-valued point s ∈ A 1 , the I(s)-
is an isomorphism for i > n + δ + 1 and is surjective for i = n + δ + 1. Thus R (1) Suppose that for each i ≥ n + δ, the sheaf R if * Q on A 1 is tame at ∞. Then the cohomology groups
(2) Suppose that for each i ≥ n + δ + 1, the sheaf R if * Q on A 1 is tame at ∞. Then the cohomology groups
bf * Q ) vanish for a+b ≥ n+δ+2 with the possible exception of (a = 2, b = n+δ).
In particular, E a,b 2 = 0 for a + b ≥ n + δ + 3.
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Proof. For reasons of cohomological dimension, the terms E To prove (1), recall that for b ≥ n + δ + 2, the sheaf R bf * Q is lisse on A 1 . Since it is also tame at ∞, it is geometrically constant on A 1 , say, with constant value V b . Then
To prove (2), use the short exact sequence
in which the last term j * j * R n+δ+1f * Q is lisse on A 1 and tame at ∞ and, hence, geometrically constant, say, with constant value V n+δ+1 .
Consider the long exact cohomology sequence. We have
n+δf * Q ) vanishes, simply note that the sheaf F := R n+δf * Q is tame at ∞, so the sheaf L ψ ⊗ F is totally wild at ∞. Now apply [K, Lemme Clef, (1) 
, p. 131] to get the vanishing of H
2 c (A 1 ⊗ kk , L ψ ⊗ F).
End of the proof of Theorem 5
Given a numerical type (N, r, D Let k be a finite field k of characteristic p > B, and let ψ be any nontrivial C-valued additive character of k. Suppose we are given data (X in P N , L, H) over k with X of numerical type (N, r, D 1 , . . . , D r ) and H of degree d, which satisfy (H1) (or (H1) ) and (H2):
(H1) X ⊗ kk is irreducible and integral, of dimension n ≥ 1; (H1) X is Cohen-MacCaulay and equidimensional, of dimension n ≥ 1; (H2) the scheme-theoretic intersection X ∩ L ∩ H has dimension n − 2.
Denote by δ the dimension of the singular locus of X ∩ L ∩ H, with the convention that the empty scheme has dimension −1.
For any nonzero form G of degree d − 1 on X,
consider the ratio H/LG as a function on X[1/LG]; i.e., put
Then for C 1 the effective constant
Proof. Since p is odd, we may use 2-adic cohomology. Consider 
Viewing (R if * Q 2 )η as a representation of I(∞), the inertia group at ∞, it follows from Lemma 7 and the hypothesis p > B that this representation is tame for every i. In other words, all the sheaves R if * Q 2 on A 1 are tame at ∞. By Corollary 14, we have
So by Lemmas 10 and 11, we have the following cohomological expression for
By the main theorem of [D3, 3.3.3 and 3.3 .4], we know that
is mixed of weight less than a + b. Thus all the eigenvalues that enter have weight at most
Remark. It is conjectured that for any scheme X of finite type over an algebraically closed field k, any prime number invertible in k, and any integer i ≥ 0, the dimension of 
We conclude from Lemma 7 that R if * Q is tame at ∞ for all i, and the rest of the proof is unchanged.
A cautionary example. Here is an example to show that the requirement in Theorem 15 (= Theorem 5 bis) that the characteristic p of k be sufficiently large cannot be dropped, even when d = 1. Fix an integer n ≥ 2. In P n+1 over k with homogeneous coordinates Y, Z, X 1 , . . . , X n , take for X the hypersurface of equation
p being the characteristic of k.
Take for L the linear form Z, and for H the linear form X 1 . Then X ∩ L is the everywhere singular hypersurface Y p = 0 in the P n defined by Z = 0, and X ∩ L ∩ H is the entirely singular hypersurface Y p = 0 in the P n−1 defined by Z = X 1 = 0. Thus we have δ = n − 2. Thus n + 1 + δ is 2n − 1.
Take for ψ a nontrivial additive character of k of the form ψ 1 • Trace k/F p , with ψ 1 a nontrivial additive character of F p ; i.e., ψ is nontrivial and ψ(a p − a) = 1 for every a ∈ k.
is pure of weight 2n. Indeed, V is the variety y p − y = x 1 ∈ A n+1 with coordinates y, x 1 , . . . , x n , f is the function x 1 , and our sum is
If we solve for x 1 in terms of y, then V becomes the affine space A n with coordinates y, x 2 , . . . , x n , and the sum becomes
This same example is also a case in which the estimate of Theorem 4(2) (the case
Another cautionary remark. Consider the special case of Theorem 15 in which X is P n , with homogeneous coordinates X 0 , X 1 , . . . , X n , L is X 0 , and d ≥ 2. Then we are looking at
where h is a polynomial of degree d, and where g is an arbitrary nonzero polynomial of degree ≤ d − 1. The theorem asserts that if the highest-degree term H d of h defines a smooth hypersurface in P n−1 , then in any sufficiently large characteristic, this sum is
It is natural to ask what one can say about sums of (ψ evaluated at) more general rational functions. What can we say about
if we keep h as above, of degree d with H d = 0 smooth in P n−1 , but now allow g to be a nonzero polynomial of degree ≥ d?
If g has degree d, this reduces to a question we can treat by the same techniques.
We can view h/g as H/G with H and G homogeneous of degree d, and we are looking at the sum
which is the difference Sum 1 − Sum 2 of the two sums
If we take the d-fold Segre embeddings of P n and of P n ∩ L, respectively, into giant projective spaces, then H and G become linear forms, and we can apply Theorem 5 to these.
Thus, for example, suppose that P n ∩ G ∩ H is smooth of dimension n − 2, and suppose 
where h is a polynomial of degree d, which is as nice as you please? To fix ideas, suppose that h is H/L d for L = X 0 , and that both P n ∩ H and P n ∩ H ∩ L are smooth, of dimensions n − 1 and n − 2, respectively. In this case, for n ≥ 3, we claim that we have
Thus the sum has weight 2n − 2, far worse than the "n" one might naively expect. To see this, recall from [K, 5.1.2] that the complete sum has a good estimate:
But our affine sum differs from this "complete" sum by
Proof of Theorem 4
Let us recall the statement of Theorem 4.
Theorem 16 (= Theorem 4 bis).
Given a numerical type (N, r, D 1 , . . . , D r ) and an integer d ≥ 1, denote by C the explicit Bombieri constant
Let k be a finite field in which d is invertible, and let ψ be any nontrivial C-valued additive character of k. Suppose we are given data (X in P N , L, H), which satisfy (H1) (or (H1) ) and (H2):
(H1) X ⊗ kk is irreducible and integral, of dimension n ≥ 1; (H1) X is Cohen-Macaulay and equidimensional, of dimension n ≥ 1;
Denote by δ the dimension of the singular locus of X∩L∩H, and denote by ε the dimension of the singular locus of X ∩ L, with the convention that the empty scheme has dimension −1.
Then we have the following estimates.
(
Proof. We pick any prime invertible in k, and we work with -adic cohomology. We claim that it suffices to show that the following statements (A) and (B) hold.
and we conclude by invoking [D3] as in the proof of Theorem 5. If (B) holds, then Corollary 14(2) gives
and we conclude as above.
We first show that (A) and (B) hold in the case d = 1. In this case, we consider the one-parameter family hyperplane sections µH − λL = 0 of X, parameterized by (λ, µ) in P 1 . Let us denote by X in X × P 1 the incidence variety {(x, (λ, µ)) with µH(x) = λL(x)}, and denote by π: X → P 1 the projection. (Thus over A 1 ⊂ P 1 , we have the mapf:X → A 1 , to which we have added X ∩ L as the fibre over ∞ := (1, 0)). The map π is proper and flat, and its fibres have dimension n − 1. Moreover, all fibres have a singular locus of dimension at most 1 + δ. So exactly as in Theorem 13, we have:
(1) for i > n + δ + 1, the sheaf R i π * Q is lisse on P 1 ;
(2) for i = n + δ + 1, denote by j: U → P 1 the inclusion of a dense open set on which the sheaf R i π * Q is lisse. Then we have a short exact sequence of
and the sheaf j * j * R if * Q is lisse on P 1 .
Restricting to A 1 , we find that R bf * Q is tame at ∞ for b ≥ n + δ + 1, which is (B) . If in addition ε ≤ δ, then the ∞-fibre of π, whose dimension is n − 1, has singular locus of dimension ≤ δ. By [SGA 7 I, Exposé I, Cor. 4.3] , the specialization map
is surjective. Thus, the inertia group I(∞) acts trivially, and hence tamely, on (R n+δf * Q )η, which proves (A).
We now show that (A) and ( in the X-variables (X 0 , . . . , X N ), which define X in P N , together with the equation
On Y, both L and Z make sense as linear forms, and we consider the one parameter family of hyperplane sections µZ − λL = 0 of Y, parameterized by (λ, µ) ∈ P 1 . We denote by Y in Y × P 1 the corresponding incidence variety, and we denote by
The intersection of this ∞-fibre with the hyperplane Z = 0 is X ∩ L ∩ H. In particular, the singular locus of the ∞-fibre has dimension at most 1 + δ. Therefore, for each integer i, the k-dimension of its graded piece of degree i is given by
As this holds for all i, it holds for all large i, and hence the ∞-fibre (X ∩ L) [H 1/d ] has the same Hilbert polynomial as the 0-fibre X ∩ H.
Lemma 19. The sheaves R i π * Q on P 1 are unramified at ∞ (meaning that I(∞) acts trivially on (R i π * Q )η) for i ≥ n + δ + 1. In particular, these sheaves for i ≥ n + δ + 1 are all tame at ∞. If ε ≤ δ, then the sheaf R n+δ π * Q is also unramified, and hence tame, at ∞.
Proof. The map π is proper and flat, with fibres of dimension n − 1. The ∞-fibre has a singular locus of dimension at most 1 + δ, because its intersection with the hyperplane 
Proof. In terms of the graded ring R • , whose Proj is X, the schemeX is
The fibre product ofX with
But the scheme π Thus we have proven that when d is prime to p, we have the assertions (A) and (B) given at the beginning of the proof of Theorem 16 (= Theorem 4 bis).
Application to complete intersections
Let k be a field, and let X in P n+r over k be a smooth complete intersection of dimension 
is either smooth or has only isolated singularities. Now let L and H be nonzero linear forms on X, and suppose that X ∩ L is smooth. Then X ∩ L is itself a smooth complete intersection of dimension n − 1 in the P n+r−1 of equation L = 0, of the same multidegree Proof. This is an instance of Theorem 4 with ε = −1 and δ either −1 or 0.
Remark. In the case where X ∩ L ∩ H is smooth, one can give a slightly better constant of a topological nature (see [K, 5. 1.1 and its proof] for details). Denote by c(X) the total Chern class of X. Explicitly, we have
Then, when X ∩ L ∩ H is smooth, we can take C to be
(1 + D i L) .
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This expression has total degree n + r in the D i 's, and so it is of the same order of magnitude as C(n, r, D 1 , . . . , D r , 1), at least if all the D i are near a common large D.
In a similar vein, we might begin with X in P n+r over k a complete intersection of dimension n, of multidegree (D 1 , D 2 , . . . , D r ), whose singular locus has some dimension γ ≥ 0. (Recall that a complete intersection in P n+r is Cohen-Macaulay and equidimensional, so (H1) holds.) We suppose that all D i are at least 2, i.e., that X is not contained in a hyperplane. It follows from the result of Zak and Fulton-Lazarsfeld [F-L, Remark 7.5] that for any nonzero linear form L ∈ H 0 (P n+r , O P (1)) ∼ = H 0 (X, O X (1)), the intersection X ∩ L has a singular locus of dimension ≤ γ + 1. To see this, take γ + 1 general linear forms L 1 , . . . , L γ+1 . The intersection
is then a smooth complete intersection of dimension n−γ−1 and multidegree (D 1 , D 2 , . . . , D r ).
By the result of Zak and Fulton and Lazarsfeld [F-L, Remark 7.5] applied to this smooth complete intersection, the further intersection
has at worst isolated singularities. But any point of
(see the proof of Lemma 3), and hence
is finite or empty, which in turn implies that Sing(X ∩ L)
has dimension at most γ + 1. For a general L, X ∩ L has its singular locus of dimension γ − 1. Now let L and H be nonzero linear forms on X, and suppose that X ∩ L has ε = γ − 1.
As X ∩ L is itself a complete intersection of dimension n − 1 in the P n+r−1 of equation L = 0, of the same multidegree (D 1 , D 2 , . . . , D r ), we conclude that X ∩ L ∩ H has δ ≤ γ. Of course, for a general H, we have δ = γ − 2.
Applying Theorem 4, we find the following result.
Theorem 24. Let k be a finite field, and let ψ be a nontrivial C-valued additive character of k. Let X in P n+r over k be a complete intersection of dimension n, of multidegree 
